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ABSTRACT Final network properties (elasticity and structure factor) are calculated for polymer networks 
which are constructed by addition of cross-links at a series of deformations. It is shown that the m-network 
hypothesis (the generalization of the two-network hypothesis first proffered by Andrews, Tobolsky, and Hanson) 
is valid as an interpretation of the free energy of deformation. A simple modification of this hypothesis allows 
for a similar interpretation of the structure factor. 

Introduction 
Both the microscopic and macroscopic (bulk) properties 

of a polymer network are influenced by the construction 
history of the network. As a corollary to this a complete 
knowledge of the cross-linking history of a network is re- 
quired for any prediction of the final network properties. 

A specific case in which this complete knowledge is in 
principle available is that of a network produced from a 
basis network, whose structure is known, through a well- 
defined sequence of addition of cross-links a t  different 
strains of this basis network. The history of the network 
is then characterized by the sequence of these strains and 
the number of cross-links introduced a t  each strain. A 
network constructed in this way for which crosslinks once 
introduced are always stable (not liable to subsequent 
breakage) we shall term an addition network. 

Experimentally such networks can be constructed 
through irradiation of basis networks held at  a series of 
deformations, the irradiation acting as a cross-linking 
agent. 

This paper will present a calculation of certain final 
network properties-the macroscopic elasticity and the 
microscopic structure factor-of such addition networks 
for a general history of cross-linking. The results of this 
calculation for the free energy of deformation F(X) of the 
final addition network and the structure factor S(k,L,X) 
for the same are 

M 

i = O  
F(X) = l /kBTCNi  Tr  (XT(XiTXi)-'X) 

and 

where 

X here denotes the final deformation matrix of a network 
which is constructed by addition of Ni cross-links at  a series 
of deformations Xi. The number of such intermediary 
deformations is M ,  and the basis network (deformation 
"1") is constructed by addition of No cross-links to an 
uncross-linked melt. L is the length of labeled chain, which 
produces the scattering at  wave vector k while Qi is equal 
to (6/L,J(No + ... + Ni) and f(Qi,p,p? is (1/2Qi)(1 - 
exp(-'/&lp - PI)). k~ is Boltzmann's constant, T the 
absolute temperature, and L,, the total length of chain 
within the network. 

We will also give an interpretation of these results in the 
light of the independent network hypothesis first proffered 
by Andrews, Tobolsky, and Hanson.' 

Formulation of the Problem 
The basis of the calculation is the evaluation of the 

partition function for an amorphous rubber as first per- 
formed by Edwards2 and furthered subsequently by 
F r i ~ k e r . ~  

1. The Description of a Network. A network is taken 
to be fully characterized by its connectivity. This con- 
nectivity has two facets. First, the connectivity associated 
with the initial uncross-linked chains (the linkage of suc- 
cessive monomers to form a polymer) and, second, that due 
to added cross-links. For a high degree of cross-linking 
the effect of free ends is minimal and the initial uncross- 
linked connectivity can be summarized as a single polymer 
of arc length the same as the total arc length of many 
polymers. The effect of this is to explicitly eliminate free 
ends. One can then assign to each monomer segment in 
the system an arc position along this single chain. The 
subsequent cross-link constraints are then summarized by 
specifying the arc coordinates which are tied by each 
cross-link. 

In the calculation, the connectivity of the uncross-linked 
chain is represented by the conventional Wiener measure 
form (the continuous limit of a chain of discrete links), 

P(R(s)) = exp( - z l L m t R ' 2  ds) 
21 0 

where (R(s)J is a configuration of the polymer in which the 
spatial position R of each arc point s is specified, 1 is the 
Kuhn length, and L,,, is the total length of polymer, R' 
denotes dRlds. 
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This approximation is shown to be valid at the level of 
subsequent approximation (Appendix A). We also here 
and later remove explicit normalization, although such 
normalization will always be applied in evaluating an av- 
erage over a probability distribution function. 

P(m) can be further rewritten as 

The connectivity due to the cross-links is then repre- 
sented by a &function for each cross-link, 

6(R(si) - R(sj))  

where a cross-link ties together arc positions si and sj  to 
the same point R(si)  in space. 

For a given network connectivity, which we will label m, 
there will be a unique value A,,, for any measurable 
quantity A of the network. However, in general the precise 
connectivity of a constructed network is not known but 
rather a probability distribution p(m) for the connectivity 
is known. The value of a measurable quantity must then 
be determined by averaging over this probability distri- 
bution, 

A knowledge of the history of the network will determine 
the Probability distribution which fully summarizes the 
history. It is this distribution we will find for addition 
networks. 

2. Description of an Addition Network. For the 
addition network, 

p(m)  = P(mO,mlrmZ,...,mM-l,mM) (3) 
where mi summarizes the cross-link connectivity of the 
cross-links added a t  the deformation i in the history, for 
which there are M stages. 

Allowing for the sequence in which the cross-links are 
introduced we can rewrite this as 
p(m) = p(mMlmo,ml,..., mM-l)p(mM-llm0,ml,...,mM-2) ... 

p(m21mo,ml)p(mllmo)p(mo) (4 )  

where p(AIB) denotes the conditional probability of event 
A occurring given event B occurs. 

The conditional probabilities can be calculated on the 
assumption of thermodynamic equilibrium and using the 
principle of equal equilibrium probability to give 

Q2(mo,ml,...,m~-11~~-l) Q(mo,m,,m,l~2) 
C n(mO,ml,...,mM-lIAM-M-,) ‘ * ’  C ~ ( m ~ , m ~ , m ~ l ~ J  

X 

m M- 1 m2 
Q(mo,mllA1) fl(mol1) 

CQ(mo,mllA1) (CQ(mo( l ) )  
(5) 

where Q(mo,ml, ..., mIIAI) denotes the total number of con- 
figurations available to  a network of connectivity 
(mo,ml, ..., mI) at deformation AI. The deformation A, is the 
deformation at which the I th  new set of cross-links are 
introduced and is taken relative to the basis network 
equilibrium state “1” (or “Ao”). AI is a matrix quantity, 
though for simplicity of representation will be taken as a 
scalar in subsequent analysis. Its true tensorial rank will 
be restored in the final results. 

The probability distribution can now be rewritten as 
p(m) = Q(mo,ml ,..., mM-l,mMIAM) X 

m1 mo 

(Q(mO,ml,...,m~-lIX~))-~R(mo,m~,...,m~ -llAM-l) x 
(n(mo,ml,...,m~-2IxM-~))-~ ... Nmo,ml,m21AJ x 

( Q ( m ~ , m ~ I ~ ~ ) ) - ’ ~ ( m ~ , m , l X , ) ( f l ( m , l X , ) - l ) n ~ ~ ~ l ~ ~  (6) 

CQ(mo,ml ,..., mJ-l,mJIAJ) = KQ(mo,ml ,... ,mJ-llb) ( 7 )  
where we follow Fricker3 in using the approximation 

mJ 

with K a constant. 

p(m)  = lim lim ... lim B(q1,q2 ,..., q M )  (8) 
q l - - l  q2--1 q p - 1  

where 
B ( q l , q 2 , * * * , q M )  = n(mO,ml,...,mM-limMIAM) 

(Q2(mo,ml,...,mM-11AM))qMn(m~,m1, ...,m M-lIAM-1) X 
(~2(m0,ml,...,mM-21~M-l))q~-1 ... Q(mo,ml,mzlA2) x 

~ Q ~ ~ ~ , ~ ~ l ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ , ~ ~ l ~ ~ ~ ~ ~ ~ ~ ~ l ~ ~ ~ ~ ~ ~ Q ~ ~ ~ ~ ~ ~  (9) 

on the assumption that B(q,,q2, ...,qM) is analytic. 
The distribution completely summarizes the history of 

an addition network and it is this distribution we will now 
use to express the final network properties. 

3. Measurable Quantities of an Addition Network. 
The value of a measurable quantity has been shown to be 
given by 

( A )  x = CP(m)Am,, (10) 
m 

where AmPx is the value of A for a network of connectivity 
m at  deformation A. (We have here explicitly shown the 
dependence of the measurable quantity A on the defor- 
mation A by use of Ax.)  

We will take two measurable quantities F,  the free en- 
ergy, and S ( k ) ,  the structure factor. Fm,h is given by 

(11) 
and is given by 

-kT In n(mo,ml, ..., mMIA) 

(exp[WR(p)  - R(p?) l )m,~  
( 1 2 )  

where ( denotes an average over all configurations R(s) 
for a given connectivity m and deformation A. The pa- 
rameter L is the length of labeled chain. 

The expression for Fm,x can be rewritten as 

L2 l S L d p  0 S L d p ’  0 ( l ) m , X  

-kT lim - d [Q(mO,ml,...,mMIA)n] = 
n-o dn 

n-0 dn 
where 

E,,,(n) = -kT In (Q(mO,ml,...,mMIA)n) 

The expression for Sm,A can be rewritten as 

(14) 

where 

S, , , ,X(~,P,P’ ,~)  = (exp[ik.(R(p) - R(p?)I ) m , h ( l ) m , X ( n - l )  

(16) 
We will determine (exp(- ( l /kT)F(n) ) ) ,  and 

(S(k,p,p’,n)),, deriving the free energy from the former 
quantity and the structure factor from the latter. 

4. Introduction of Replica Coordinates. We now 
determine the averages by introducing replica coordinates 
and performing the summation over cross-link connectiv- 
ity. The introduction of the parameters ql ,qz ,  ...,qM and 
n-the replica parameters-and their corresponding co- 
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ordinates allows this summation to be evaluated before the 
final approximation scheme is applied. 

The number of configurations 0 for a particular con- 
nectivity M and deformation A can be calculated by per- 
forming the functional integration: 
n(MlA) = 

6R(s) exp[ -$LLhtR’2  ds]&i(R(sJ i = l  - R(s’J) (17) 

where N M  is the total number of cross-links for connec- 
tivity M and si, s: are the particular arc points tied by the 
ith cross-links. The label (A) on the integration denotes 
the integration is to be evaluated for the network of con- 
nectivity M under the constraint of being at deformation 
A. Using this form we can write for the various terms of 
(A)A: For C m t  

exp[ - 3 s L ( R ; 2  + RtZ2 + ... + R i 2 )  ds x 
21 0 1 

and 

9 . -  6(Rn(t,t?)]INM (24) 

The expressions for ( S ( k , ~ , p ’ , n ) ) ~  and (exp(-(l/kT) x 
I%))), are of similar form. Both are averages over the 
probability distribution function A((RT(s))). For the 
structure factor term, the averaged quantity is exp(ik. 
(Rl(p) - Rl(p?), and for the free energy term it is 1. 

It is the probability distribution function A({RT(s)]) 
which now summarizes the full history of the network and 
has replaced p(m) in this capacity. The two aspects of the 
connectivity of the network-the initial chain and the 
subsequent cross-links-are readily apparent in A({RT(s))) 
and will be further brought out in the next section. 

5. Introduction of Chemical Potentials. This section 
is not vital to the structure of the formulation or to sub- 
sequent calculation but is of use in specifically isolating 
the various contributions to the total network connectivity. 
I t  will also be shown (Appendix B) that within the context 
of the variational theorem applied to the calculation, a 
closer bound on the averaged quantities is found when the 
ideas of this section are used. 

We introduce by means of the identity 

a chemical potential pJ at  each stage of cross-linking into 
the expression for A({RT(s))). We then obtain 

NM! 
exp(-A + Do + D, + ... + DM) (26) 

where 
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points t,t’over all possible pairs of these arc points. 
This integral of a correlated constraint we replace, in 

a mean-field treatment, by an integral over one arc position 
of a constraint on that single arc position. 

The mean field is constructed on physical grounds to 
correspond to a simple affine transformation with fluctu- 
ations. The affine component of the mean field arises 
naturally from the mean-field approximation. For, in re- 
placing the double arc point correlated constraints, DJ, by 
a mean-field single arc point constraint, we must constrain 
the single arc point absolutely in some way (i.e., without 
reference to other arc points). This absolute constraint 
is provided by affineness in the deformation. Fluctuations 
about this simplest of mean fields allow for microscopic 
nonaffineness in the deformation and are an important 
element in any trial mean field. 

The affine component of the mean field is readily in- 
troduced by constructing an affine coordinate for each DJ, 
xJ,O = 

qJ+1 q M  n 

PJ-’(XJRJ,O + XJ+~ZRJ+I, ,  ... + XMMCRM,~ + XCRJ (32) 
I =o r=O r = l  

where 

p J 2  = [ X J 2  + (qJ+1 + 1 ) x J + I 2  + f ( q M  + 1)xM2 + nX2] 
(33) 

Coordinates orthogonal to this affine coordinate are then 
constructed from the initial [l + ( Q J + ~  + 1) + ... + (qM + 
1) + n] coordinates constrained by DJ. These new coor- 
dinates we term the fluctuation coordinates, of which there 
are [ ( Q ~ + ~  + 1) + ... + ( q M  + 1) + n] for the term DJ.  

Our mean field is then introduced as a harmonic con- 
straint on these fluctuation coordinates. Specifically, if 
we denote the fluctuation coordinates for DJ as u ~ , ~  ... 
trial function is 
uJ,qj+l; UJ+1,0 * * a  UJ+l,qj+*;  * * a ;  UM-1,O * * *  u M - 1 , ~ ~ ;  u M , l  ... UM,n, our 

and 

(28b) 
The term exp(-A + Do + D1 + ... + DM) we now write 

as D((RT(s))) .  All averages over A((RT(s)]) can therefore, 
using eq 28, be expressed as averages over D((RT(s)))  fol- 
lowed by integration over the p-contours. It is this second 
scheme we will adopt in all later sections for evaluating 
the structure factor and free energy. 

This new probability distribution function, D((RT(s))) ,  
explicitly factors out the various connectivities of the 
network. 

The term A summarizes the initial connectivity of the 
uncross-linked polymer chain-it contains the Wiener 
measure connectivity alone. The D terms summarizes the 
connectivity of the cross-links-they contain the 6-function 
connectivity alone. Further each term DJ contains the full 
effect on the connectivity of the cross-links introduced at  
stage J (deformation A,). 

We wil l  exploit this factorization in the following sections 
in constructing a suitable approximant to D((RT(s)))  with 
which to evaluate the averages. 

Evaluation Procedure for the Problem 
As with the formulation, the evaluation scheme is based 

on the calculation of Edwards.2 As there, we proceed in 
three stages. We first set up an approximate trial prob- 
ability distribution function (pdfl which contains the es- 
sential physics of the true pdf. In the second stage we use 
a variational theorem to optimize this trial pdf and provide 
a lower bound for the average from which the free energy 
is calculated. In the third and final stage we evaluate this 
lower bound for the free energy term and use it to deter- 
mine the free energy. At this stage ~ l s o  we determine the 
structure factor after evaluation of (S(k,p,p’,n) using the 
optimized pdf. 

1. Construction of a Trial pdf. The full pdf is 
D((R (8) 11, where 

D((R(s)l) = exp(-A + Do + ... + DM) (29) 
We shall replace this by a trial pdf of the form, in which 
Wo, W,, ..., WM are themselves trial functions, 

W((R(s)))  = exp(-A + Wo + ... + WM) (30) 
The motivation for modeling the true pdf in this way 

comes from the factorization of D((R(s)l) into terms Do, D,, 
..., DM,  each of which characterizes the effects of a par- 
ticular stage of cross-linking. We thus expect in any model 
function a similar separation Wo, W,, ..., WM in which WJ 
models the effects of cross-links added at  stage J (defor- 
mation AJ) .  The effect of the initial chain connectivity, 
the term A, is retained in the trial pdf. 

The particular choice of trial function W to be taken 
comes from physical considerations. 

The term 

involves an integral of a constraint on two specific arc 

w, = - 

where 
ii: = (u:,O, UT,,, ..., u ~ , ~ , + ~ )  for O 5 I 5 M - 1 (%a) 

iiI = (uI,,, ..., u ~ , ~ )  for I = M (35b) 

The parameter w characterizes the strength of the 
fluctuations. For wJ - a, we obtain a pure affine trans- 
formation. For uJ finite, we obtain fluctuations about 
affineness. The values of the parameters UJ will be de- 
termined in the next section when we find the optimized 
mean-field f i t  to our initial correlated constraints. 

The u or fluctuation coordinates have here been con- 
structed and labeled in a specific way. First of all we 
construct the affine coordinate YJ for the group of 6 - 
function constraints 

6(&,0) 1 6(Rd+l,l), ‘.’, 6(RJ+l,qJ+l) 

as 
q J + 1  

YJ = CU,-~(X~R~,,  + XJ+l,XRJ+l,i) for 0 I J I M - 1 

(364 

Y, = aJ-l(XJRJ,o + XCR,) for J = M (36b) 

i = 1  

n 

1=1 

where 

aJ2 = ( X J 2  + Q,+~X,+~~) for 0 I J 5 M - 1 (37a) 

a,’ = (AM’ + nX2) for J = M (37b) 
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parameters uJ. The maximized result on the right-hand 
side we will take as our approximation for the average 
(expf(lRT(sN) w. 

To make use of the above inequality for the average 
( exp(-(l/kT)P(n)))A, we first express this average as an 
average over our trial pdf, 

The q J+l coordinates orthogonal to this affine coordinate 
YJ we label u J , ~ ,  ..., u ~ , ~ ~ ~ ~ .  It is not necessary to use an 
explicit transformation to construct these coordinates in 
terms of our initial coordinates. For it can be seen that 
these u coordinates appear in the trial function as an in- 
variant of an orthogonal transformation, uJ,J2 + ... + u ~ , ~ ~ ~ : .  
Rather we simply note that these u coordinates can be 
constructed. 

We then note that the affine coordinates for each of the 
Do, ..., DM constraints can be constructed in terms of this 
set of YJ,  

X J , ~  = Y J - ' ( ~ J ~ J  + a~+iyj+1 + . .e + ~ M Y M )  (38) 
where y J 2  = ( a 2  + a J f 1 2  + ... + aM2). 

The coordinates already constructed to be orthogonal 
to each of the Yl provide some of the coordinates or- 
thogonal to XJ,,. In particular u J , ~  ... ... u J , ~ ~ + ~ ;  uJ+1,1 ... 
u ~ + ~ , ~ ~ + ~ ;  ...; U M , ~  ... u M , ~  are all orthogonal to XJ,o. 

The further M - J coordinates which must be con- 
structed orthogonal to XJ,o can now be explicitly repre- 
sented in terms of the YJ by an orthogonal transformation 
matrix A,, such that 

(39) 

where the new coordinates orthogonal to XJ,o are uJ,0, ..., 
uk-2,0 = A,,Y, for 2 I i I M + 1 

uM-l,O* 
A,, is defined by 

aJ-1a1-2 
A,, = - 2 1 i < j  (404 

71-lY1-2 

(40b) A, = --8rJ+1 i > j  

A,, = a,-l/yo i = 1 (404 

where bl,k = 1 if i = k and it is 0 otherwise. 
The coordinate Ally, is the affine coordinate for the 

whole network, Xp,o. 
Using these specially constructed orthogonal coordinates 

u, we obtain the trial function WJ given in eq 35. The full 
trial pdf then becomes 

7, 

71-1 

where 
.I 

and 
{uT(s)) = {Xo,o(s), ii,(s), ..., ii,(s)) (43) 

In the second stage of this evaluation we introduce a 
variational theorem which allows us to optimize this trial 
function. 

2. The Variational Theorem. For a real pdf 
W((RT(s)l) and a real functional f ( (RT(s)))  we have the 
inequality 

where ( ) denotes an average over W((RT(s))). 
We shall use this inequality as our variational theorem. 

We will construct the averages on the right-hand side (rhs) 
of the equation for our trial pdf W ( ( R T ( s ) ) )  and then 
maximize the resultant rhs with respect to the variational 

In the notation introduced above we now have 
M 

z=o 
f ( (RT(s) ) )  = E [D1({RT(s))) - W1((RT(s)l)l (46) 

Upon use of the inequality and subsequent evaluation of 
the contour integrals we then have 

The various averages on the rhs of this equation we 
determine in the next section where we perform the var- 
iational procedure for constructing the optimum trial pdf. 
This final pdf we use to evaluate the free energy and 
structure factor. 

3. Determination of Free Energy and Structure 
Factor. We here evaluate the rhs of eq 47 as a prelude 
to  constructing our optimum pdf. 

We first write each of the averages there in terms of the 
affine coordinates XJ,o  and orthogonal coordinates iiJ 
constructed earlier. We have 

( 1) w = J 6uT(s) W(bT(s))) (48) 

~ 6 U T ( S ) W ( ( U T ( S ) ) ) [  -$Wj2JLdS (aj2 + ... + i i ~ ~ )  1 
(50) 

where W((uT(s) ) )  is defiied in eq 41. We further substitute 
in eq 49 

so that 
(DJ)W = 
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where we have written 6(XJ,,) as a product of &functions 
using 

6(x-y) = 1 d z  6(x-z)6(z-y) ( 5 3 )  

It  will be seen that each of eq 48, 50, and 52 factor out 
as products of integrals over each component of uT(s). 
Each of these integrals has been evaluated elsewhere2 and 
the results are merely summarized here: 

Macromolecules, Vol. 21, No. 6, 1988 

To determine the free energy we now take the best es- 
timate of the lhs of the inequality, eq 47, to be the max- 
imum value of the rhs of the same equation. Specifically, 
we evaluate the rhs for W = W, that is we use eq 59 and 
60. Differentiation of this result with respect to n, in line 
with eq 13, gives the free energy of deformation to be 

exp( - $ L a J  + 7)  (56) 

On substitution of the results of these integrals into eq 
48,50, and 53 and evaluation of the rhs of eq 47 we find 

The rhs of this inequality we now maximize with respect 
to the parameters Q, (or wJ).  A t  n = 0 and q i  = -1 for i 
= 1 to M this gives 

Such a result is in accord with the adoption of the trial 
function form of eq 30 in so far as Wi + 0 for N i  - 0. In 
the spirit of the variational calculation one might enlarge 
the variational parameter space for W to allow for replica4 
or ~ t a g e ~ , ~  symmetry breaking. When such allowance is 
made the optimized form reduces to the replica and stage 
symmetric form of eq 30 and 60. Any symmetries or simple 
physical forms found for quantities averaged over the trial 
function are not artifacts of a trial potential restricted to 
exhibit symmetry. Such symmetry actually exists. 

I t  has been shown4 that for the initial rubber elasticity 
calculation, the trial pdf need only be evaluated at  n = 0. 
For this problem it need only be evaluated at  qL = -1 for 
i = 1 to M and n = 0. Thus we have for our optimum trial 
pdf: 

1 L 
N K 2 ) S  ds aJ2 (61) 

0 

or restoring the true matrix nature of A, 
M 

i=O 
F(X) = 1/2kBTCNi T r  (XT(XiTXi)-lX) (62a) 

To determine the structure factor we again use the op- 
timized pdf W. We first note 

(S(k ,p ,p ' ,n))x  = 

exp[ik.(Rl(p) - Rl(p?)l), (63) 

We now use a preaveraging approximation in writing 
M 

I=O 
(expC(Q - WI) exp[ik.(Rtl(p) - Rl(p'.))1)w 

as 

( e x p C ( D ~  - W~))w(exp[ik.(R~(p) - R1(p?)l)w (64) 

Such an approximation is essentially a restatement of the 
arc position invariance adopted in the trial function5-the 
effect of inhomogeneity has recently been considered by 
Ball and Higgs.lo On substitution of this approximate form 
in eq 63 and subsequent performance of the contour in- 
tegrations we find 

M 

I=O 

We also note that a t  k = 0, 

(S(k ,p ,p ' ,n))x  = 1 (66) 
This we use as our normalization condition, leaving 

(S(k,p,p' ,n))x = (exp[ik.(Ri(p) - Ri(p?)l )w (67) 
This expression for (S(k ,p ,p ' ,n)  is the same as used by 
Warner and E ~ a r d s . ~  

As earlier with the free energy evaluation we first express 
the terms involved in eq 65 as functions of uT(s). The only 
new term to be so expressed is exp[ik.(R,(p) - R,(p?)]. 
We note that 

where 
A2 

(69) x a . 2  = 1 - - 
i=1 O M Z  

(Note the full transformation, that is the particular values 
of ai, need not be specified.) We have further that 

M 

(M-1) 

i=O 
YM = [A~,M+~XO,O + Ai+2,~+1ui,OI (70) 
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so that 
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Usage of this substitution for X ,  finally leads to 

(S(k,p,p’,n)h = A - f J x o , ~  x 

ai[ik.(uM,i(p) - u~,i(P?)l (73) J 
where A is independent of k. The initial term, A, in eq 
73 we need not evaluaie-again it can be removed by 
normalization so that (S(O,p,p’,n)), = 1. The evaluation 
of the other terms has been done elsewhere5 and as before 
we merely summarize the results: 

(74) 

s 6 u  exp[ $JLds u f 2  - -f12J 1 L  ds u2 + 
6 
1 

Substitution of these results finally leaves 

The structure factor is now directly reconstructed from 
eq 77 by using eq 15: 

As with eq 60a we now restore the true matrix nature 
of X to give 

s(X,P,P? = exp - k2f(flM,p,p? + 
1 [ [  

[ SIP - PI  - f ( Q ~ , p , p l ]  T r  (kATAk) + 

I 1  M 
E Tr  (kXT(XiTXJ-’Xk) [f(fii-1IP,P ? - f(Qi,p,p?l 
i = l  

(804 

Equations 62 and 80 give the results for the deformation 
dependence of the free energy and structure factor for an 
addition network and are the basic results of this paper. 
In the next section we will discuss the implications of these 
results. 
Discussion and Conclusions 

We note first that when the number of stages of cross- 
linking is just 1 (that is, simply the construction of the 
basis network) the expressions for F(X) and S(X) reduce 
to those of Edwards2 and Warner and E d ~ a r d s , ~  respec- 
tively. We further note that the free energy and the 
structure factor have the correct limits as Ni - 0; that is, 
the terms in X2/Xi2 disappear in this limit. These limits 
provide a ready check on the results. 

The deformation free energy F(X), eq 62, shows a simple 
additive structure, 

in which the ith term is the same as the deformation free 
energy of a basis network constructed at  (relative to “1”) 
with Ni cross-links. This result substantiates the gener- 
alization of Andrews and Tobolsky’s two-network hy- 
pothesis, that an addition network with 1 + M stages of 
cross-linking should behave as 1 + M independent net- 
works (Figure 1). This hypothesis has previously been 
sh0wn~9~ to hold for the “classical” model of elasticity in 
which cross-links are viewed as localizing polymer segments 
in space rather than to other segments of polymer. 

The deformation structure factor S(X,p,p?, eq 80, is of 
the form 

for which A = ~(QM,P ,P? ,  Bo = (lip - p1/6 - f(%,p,p?, and 

Since f( f l ,p,p? is a positive definite function which is 
monotonically decreasing with R and has maximum value 
(1 /6) (p  - p1, each of the terms A,  B, is positive as required. 
The sum of these terms A + CBi gives (1/6)(p - p1, the 
free-chain Debye term, again as required. 

The form of the exponent of eq 82 does not exhibit the 
simple additive structure of eq 81 in which Bi is the 
(normalized) value found for a network constructed at  
deformation Xi with Ni cross-links. For such to be the case 

Bi = f ( f l i - i , ~ , ~ ?  - f(fli,p,P? for i 2 1. 

where 
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., ,. 
No”,”. y”l;..,, *“’* 1 1. 

.. . 
M I 

Figure 1. Additive independent network hypothesis. A network 
constructed in M + 1 stages (label i) by addition of Ni cross-links 
at deformation “A? behaves as M + 1 independent basis networks. 
Each stage i provides one such network constructed from Ni 
cross-links at equilibrium deformation Xi. The contribution from 
each stage and network is simply additive. 

with A = f(QM,p,p’) and where w{ = 6Ni/Lil = QM and Li 
is the (average) length in the ith independent network, Li 
= NiL,/N,,. N,, is the total number of crass-links added, 
Ntot = (No + Nl  + ... + NM). The normalization factor 
Ni/Nto, = Li/LtOt weights the contribution of the ith net- 
work by the amount of such network and ensures the 
“1-network” result for X i  = 1 v i. 

The correctness of the form for Bi, eq 82, over the simple 
(additive) independent network result of eq 83 shows up 
most clearly in the Guinier regime, k - 0 for which S(k,L) 
= 1 - k2R,2(L)/3 where R, is the radius of gyration of the 
section of chain of length L. For such a limit, 

A2 
6R; = G ( R M )  + [LI - C(Qo)]X2 + E[G(Q;- , )  - C(Qi) ] -  

i = l  Xi2 

(84) 

M 

for eq 82 and 

for the additive independent network result where 

For L1QM << 1, that is L << LX1 = L,,/N,,, where LZ1 is the 
average intercross-link arc length, G(Q,) = Ll(1- LlQ,/12), 
and eq 84 and 85 both give 

For LIQo >> 1, that is L >> L,/No > LX1, G(Qj)  = 9 / Q j  and 
eq 84 give 

3LX1/2L + ( 1  - 3L,~N,,t/2LN0)X2 + 

where Nbi = (No + N ,  + ... + Ni).  The additive inde- 
pendent network gives 

c 

We note that for L < LZ1 the additive independent 
network result gives the same form as the actual result. 
This is to be expected since we know that for a Gaussian 
network, 

F(X) C(Rg,se,2)/1Lseg - Ntot(Rg,x?)/lLx/ (90) 
which with the form of eq 87 reproduces eq 81. 

For L >> L,~N,,,/No the additive independent network 
suggests 6R;/Ll = Czo(X2/X:)(Ni/Ntot), an averaged af- 
fine result over the independent networks, while eq 88 

1 A ,  Yo 1 + V 2 ,  + tN*i, a \I 

Figure 2. Generalized independent network hypothesis. A 
network constructed in M + 1 stages (label i )  by addition of N,  
cross-links at deformation “A,” behaves as 2M + 1 independent 
basis networks. Each stage i (except the zeroth, which provides 
one) provides two such networks each constructed at equilibrium 
deformation A,, the fiist with Nb; = No + Nl + ... + N, cross-links, 
the second with Nb; + N, cross-links. The contribution from each 
stage i is the difference between the former and latter of these 
two networks. 

gives 6R,2/Ll= X2, an affine result for the original network. 
That this latter result is not an artifact of the trial pdf, 
eq 41, or any other elements of the calculational procedure 
may be verified by its agreement with a “classical” calcu- 
lation which does not rely on such a trial. Consider (Ap- 
pendix C) the radius of gyration of a chain of length L with 
No classical cross-links, separated along the arc by L/(No 
- l), added a t  strain “1” and N1 cross-links, separated by 
L / ( N o  + N1 - l ) ,  added a t  strain “A1”, the latter added 
according to eq 4. The method of calculation for R,2 
straightforwardly follows that  of Ullman* (for f ,  the 
functionality, -a) with the results from Scanlan6 and gives 
6R;/Ll = [1/(No + N1- 1) - l / ( N o  + N1- l)’] + 
[l  - l / ( N o  - 1) + (1/2) / (No - 1)2]X2 + [1/(No - 1) - 

(1/2) / (No - 1)’ - l / ( N o  + N1- 1) + 
l / ( N o  + N1 - 1 ) 2 ] X 2 / X 1 2  (91)  

As No increases so that L >> Lb,/No, the condition for eq 
88, the chain behaves affinely with respect to the original 
equilibrium deformation “1”. In fact the whole functional 
form of eq 91 is the same as that of eq 81 (or eq 88) with 
the coefficient of X2 dependent on No, the coefficient of 
“1” dependent on (No + Nl) ,  and the coefficient of X2/XI2 
the difference of these two. 

As a conclusion we may state that the simple additive 
structure of the free energy does not apply for the structure 
factor in general but does for L << LX1. Such a conclusion 
suggests a more general independent network result, dif- 
ferent from the simple additive one, might apply. With 
this is mind we note that we may rewrite B, of eq 82 as 

and A as f (Qo) + CEl(f(Qi) - f (Q i -J )  so that the exponent 
of eq 82 has the form 
SONO + (SINo+N1 - sly + ...+ 

( SMNo+ N,+ ... + NM - SMNo+N,+ ... + N M . ~ )  

where SiN is the value for a simple network of length L 
constructed a t  deformation Xi with N cross-links, 

SiN = f ( ~ )  + [ 4 ,  - P I  - f ( ~ , p , p ?  x 2 / X i 2 ,  

fl = 6N/ILtOt (93) 

The form (92) suggests the contribution from the ith 
“independent” network is a term 

(94) 

where BiN is the contribution from a simple network of 
length L, constructed at equilibrium deformation Xi with 
N cross-links. The simple additive form of Figure 1 should 
be replaced by Figure 2 where each additional term has 
the form of eq 94. Such a generalization of the inde- 

6 I 
B ,  = B,No+N1+ ...+ N g  - B No+N,+ ...+ N,- ,  

I 1  
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Figure 3. Classical two-stage network. A chain of length L with 
NO zeroth (m) and Nl first-stage cross-links (0) evenly distributed. 
Each section of chain length Lo = L/(No - 1) between zeroth-stage 
cross-links is divided into N1* + 1 segments, N,* = Nl / (No  - I), 
each of length L1 = L / ( N o  + N1 - 1). The arc points p,, and pg’ 
are located in the ath and Pth zeroth-stage segments, 1 I a,  
I (No - 1); a = 1, f i  = 3 above. pj  denote spatial separation of 
segments; po for the zeroth-stage segment, p,, j = 1, N1* for N1* 
first stage segments. 

pendent network result from Figure 1 to Figure 2 clearly 
includes the simpler result, eq 81, for the free energy since 
BiN = ‘ f2kTN so that Bi from eq 94 = lf2kTNi. 

The final conclusion upon the results for the free energy, 
eq 81 or 62, and the structure factor, eq 82 or 80a, is 
therefore to suggest that both may be interpreted in terms 
of a generalized independent network hypothesis (sum- 
marized in Figure 2), perhaps applicable to all (averaged) 
deformation-dependent properties. Equation 87 suggests 
that the additive independent network hypothesis is suf- 
ficient on length scales less than the average cross-link 
spacing but on larger scales, eq 88 and 89, correlation 
effects between intercross-link segments cause it to break 
down. 

A particular feature new to the generalized network 
hypothesis is its prediction of a dependence on the se- 
quence or order of construction deformations, a depen- 
dence absent in the original hypothesis under which the 
order of cross-linking deformations is unimportant. 
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Appendix A 
I t  has been stated in the text that the approximation 

used in eq 7 is valid at  the level of approximation used in 
the calculation. By this we mean that the approximations 
subsequently used lead to the same result regardless of 
whether or not this approximation is explicitly used. 

If we use the exact probability distribution function 
without this approximation we find the probability dis- 
tribution A is now given by 

where A, is given by eq 24 and is the pdf when the ap- 
proximation (7) is made. 

We note that each of the extra terms in the brackets 
provides a constraint on just one replica coordinate. In- 
troduction of a chemical potential for each of these extra 
terms and subsequent construction of a trial function, 
along the lines‘on which eq 34 is constructed, thus give the 
trial function to be the same as eq 34. The extra terms 
do not localize further the fluctuation coordinates. Useage 
of the variational theorem and performance of the contour 
integrals finally lead to 

(note that ( j k d t  iLodt’G(RJ,i(t,t?)) is independent of i). 
The rhs of this inequality is the rhs of eq 47 multiplied 
by 

Each of the terms in this product is given by 

Thus we finally have as the revised version of eq 47 without 
using eq 7 

The difference between this and eq 47 is the multipli- 
cative term r I 5 , ( l / X J ) q J N J .  This term depends neither on 
n nor 52. As such, it contributes neither to the optimization 
of 52 nor to the deformation free energy. I t  merely con- 
tributes a multiplicative factor which is removed by re- 
normalization. 

Appendix B 
Were one to proceed without the introduction of a 

chemical potential then as with the previous appendix eq 
47 would be revised. The procedure for constructing the 
inequality (47) would involve replacing the average over 
A by an average over W without any subsequent contour 
integration. This would lead to 

as the revised form of eq 47. 
We note that the only difference between (B.l) and eq 

47 is that exp[(ln D I ) w / ( l ) w ]  has replaced exp[ln 
(DI)w/ln (l)w] (or (DI)w/( l )w) .  We further note that 
use of eq 44 gives 
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1n @I), >( In  D1)w 
- (B.2) 

ln ( 1 ) w  ( 1 ) w  

Use of this inequality shows that the rhs of eq B.1 1 the 
rhs of eq 47 and so the rhs of eq 47 always provides a better 
upper bound on the true average to be evaluated. Intro- 
duction of the chemical potential provides this better 
bound. 

Appendix C 
The form of (82) may be reproduced by a “classical” 

calculation. Consider a network of length L constructed 
with No cross-links at  strain “1” and Nl at strain “Al”. Each 
classical cross-link is taken to bind an arc point of the 
network to a point in space and be affinely moved under 
strain. For ease of calculation cross-links are taken to be 
uniformly distributed (Figure 3), zeroth-stage cross-links 
separated by Lo = L/(No - 1) and first stage by Ll = L/(No 
+ N1 - 1). The number of first-stage cross-links per zer- 
oth-stage segment (section of chain between consecutive 
zeroth-stage cross-links) is Nl* = N l / ( N o  - 1). 

The probability distribution function which summarizes 
the configuration of the network and is akin to A({RT(s))), 
eq 24, is the distribution function for positions of the 
cross-link points. Using p to denote an affine displacement 
a t  strain X ( p  - p / X  for strain “1”) we clearly have after 
the zeroth-stage cross-linking 

W p o )  = Go(po,X2Lo) (C.1) 

and after the first-stage cross-linking 
Pbl,. . . ,PN,* b o )  = 

[Go(pi,X2Li/Xi2) Go(PN,*,X2L1/X12)Go(Po - PI - ... - 
PN,*,X~)(LO - N1*L1)/Xi2I / [Go(po,X2Lo/Xi2)1 (C.2) 

for sections of chain between zeroth-stage cross-links. 
Sections of chain between different zeroth-stage cross-links 
are uncorrelated with one another. Go here is given by 
Go(p,s) = ( 3 / ( 2 ~ l s ) ) ~ / ~  exp(-3p2/21s) = 

(1 / X)Go(p/ X,s/ X2) (C.3) 

Equation C.2 is the equivalent of (5) for M = 1 and for 
“mi”, the topology of cross-links added at stage i, specified 
by po for i = 0 and pl, ..., pN,* for i = 1, N1*. The number 
of configurations of a segment, separation pX/Xl, and arc 
length si are proportional to Go(pX/Xl,si) 0: Go(p,siX2/X12). 

Averaging S(k,p,p? = eik*(R@)-R@’)) over (C.1) and (C.2) 
with uncorrelated zeroth stage sections gives 

(S(~,P,,P,’)) = GO(R(P,) - R(P;),S,,~J) 

where [ ,,,PI] IP’-P12x2 + spp, = Ip’ - PI 1 - - +- 
LO 

Evaluating the structure factor from (79) and expanding 
to O(k2)  to give R,2 (eq 84) leaves eq 91 
6Rg2/L1 = [l/(No + N1- 1) -  NO + + 

[ l  - l/(No - 1) + (1/2)/(No - 1)2]X2 + 
[1/(N, - 1) - (1/2)/(No - 112 - l/(no + N ,  - 1) + 

l/(No + N1- 1 ) 2 ] X 2 / X 1 2  (C.5) 

where Lo = (N1* + l )L1  with Nl* a positive integer. 
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